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ABSTRACT

The following work describes the application of a mathematical model based on Markov chain theory (MM)
to estimate the fiber composite strength parameters, taking into account the laminate forming aspects using the
vacuum bag method. This provides, from a unified position, a tool for a coordinated description of static strength

and fatigue life. It was shown that the MM model gives relatively good results.
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INTRODUCTION

The industry needs algorithms, analytical
methods confirmed by knowledge and informa-
tion when verifying the strength properties of fi-
brous composite materials (FCM), which are in-
creasingly common [2,14, 22, 23, 26].

Estimating the mechanical properties of poly-
mer matrix composite components (fibers, fiber
bundles, or matrix) is a difficult task. The veri-
fication of most numerical models of laminates
takes into account only the initial stages of the
complexity of polymer structures. Determining
the fatigue life of the components or elements
made of FCM after a certain period of variable
random loads is a much greater challenge [39].
In the literature, the works of Cullmann [12],
lTosifescu [19], Fleming and Soner [15], Dynkin,
Liggett and White [40] reflect the proposals of
random processes through mathematical models.
Despite this, the calculations do not allow stat-
ing unequivocally which of the current models
accurately describes the development and course
of damage by changing the value of mechanical
properties taking into account material constants
[4,28-30, 36].
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One of the variants of describing the rela-
tionships characterizing damage accumulation
or fatigue summation [3, 20, 25, 27, 38,42] are
phenomenological hypotheses of fatigue damage
accumulation [31, 32, 35] and Markov network
[5, 13, 41]. However, this is not a new idea [21].
In the proposed modification [6, 33, 34] of the
Markov model (MM) as a class of stochastic pro-
cesses, it uses discrete observations (describing
the path when the parameter is continuous) and
finite Markov chains (probability theory). The
proposed relationships (distributions) of static
and fatigue strength are based on a random com-
bination of n elements that are fit or unfit, with
the possibility of a sharp increase in the number
of states (and, thus, transitions and the number of
system elements).

MODEL

The destruction of a certain critical micro vol-
ume (CMV) in a material consisting of longitudi-
nal reinforcement (in the form of fibers or bundles
of fibers working in the elastic range — rigid) and
a plastic matrix (in which plastic deformations
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accumulate during cyclic loading) determines the
fatigue damage of the composite.

In addition, the model assumes that the CMV
elements (including the following components:
the matrix and other fiber layers with a differ-
ent angle than the fibers working along the load)
work together.

This means that before the plastic deforma-
tion of a sample part reaches the value of ¢, (accu-
mulation of irreversible plastic deformations), the
fibers and the matrix work together in the elastic
range. Therefore, as a result of cyclical load rear-
rangement, the number of working elements r in
CMYV (in the elastic range) decreases by the value
of r, (until the sample is slowly destroyed).

Fatigue strength is described by a matrix of
probability transitions (1), in which all probabili-
ties below the diagonal are equal to zero. If, in ad-
dition, the passages to the first level are allowed in
the process (and there is only one absolute state),
then the damage accumulation will be modelled
first (Markov chain). In many phenomenologi-
cal models, the problem of discussing the basics,
ideas and methods of stochastic modeling of the
fatigue process is raised and investigated [6, 13,
16, 33, 41]. Selected probabilities can create con-
ditional probabilities.

Table 1. Characteristics of the Markov chain [6, 7]

qq p O .. 0
0 g, p, O .. 0
0 0 0 .. 0
p- 43  Ps 1)
0 we q, p. 0
| 0 o 0 0 1]

where: g, =1-p,,i=1,..,r

Then, the random variable generates the
probabilities of the variable T (i.e. the inverse
transformation) determines the distribution of
this probability by the relationship (6) and (7)
respectively, with the cumulative distribution
function (8). The parameters of the Markov
chain are presented in Table 1.

It needs to be considered that the product
of the matrix P’ (9) times vector b gives the
column vector of the fatigue strength distribu-
tion function, the elements of which correspond
to the initial (start) states of the Markov chain:
(F"(t) 2 (t),....F”(t) . In the general case,
it can be used to determine the fatigue strength

Characteristics

Dependencies

Fatigue strength (time to absorption)

where: X;, i = 1; r —time of destruction (is) in an i-m state.

T=X+X,+..+X, @)

Random variable X; in a geometric distribution P(Xl. = n) = (l - D, )n_l D, 3)
Expected value E(X)= %) (4)
Dispersion V(X,-) = (- p%z ®)

Random variable

A function that generates the probabilities of a random
variable T

0

< N i Z p;
G,(2)= Nzl | ————
@20 s

F@O=p, .0

Cumulative distribution function © , 121,2,3 ®)
where: P is (1, r+1)— matrix element
P@)=P
Fatigue strength distribution function described as:
F,(t)=aP'b

where: a = (100...0); b = (00...01) T — column vector
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distribution function F (), with a given probabil-
ity distribution under starting conditions p:
F.(t)=7 P'b, (with knows 7) (10)

In the application of the problem under con-
sideration, the problem consists in finding the re-
lationships between the probabilities, p,,i=1,...,r
with the values of the distribution of the static
strength of the FCM elements and fatigue loads,
respectively. It is assumed that in the first step of
the Markov chain (e.g. 1 or 1000 cycles) it de-
stroys one element.

If working parallel elements (R-i) in the lami-
nate have the same static strength distribution
function F (s) with the expected probability (11),
then with a given distribution (e.g. log-normal
distribution F (s): where: is d(.) a function of
the standard normal decomposition), the destruc-
tion occurs:

Di :1_(1_F(Si))R7[ (11)
where: s, — stress (load on one element), corre-
sponding to the uniform distribution of
the load among other (R-1) elements;
R — initial number of elements in the “crit-
ical volume” of the composite, the failure
of which represents the complete failure
of the specimen;
i — number of elements destroyed;
log-normal strength distribution:
F(S) = Q)((g(s) - 90)/91)’ where 0,> 6,
— parameters of the static strength distri-
bution of composite elements (expected
value and standard deviation of strength
on a logarithmic scale).

The considered model is determined
in the general case with the constant
n=1(6,,6,,r,R,k, ,S ), having 6 components,
where: r — critical number of elements in FCM
(r value has a significant impact on dissipation
and fatigue strength variation coefficient); rela-
tionship p = %? approximately determines the

value of the destruction (contribution of destruc-
tion) in the cross section of the sample corre-
sponding to the total destruction of the sample;
k,, — number of cycles corresponding to one step
of the Markov chain.

Methodology of forming a composite.
Statistical and fatigue tests

In order to carry out the task, the components
(glass fabric [0°/90°] and carbon fabric [11] of
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the biaxial type [+45°/-45°] with a basis weight
600 and 400g/m* respectively, and epoxy resin
LH-160 [10]) of composite molding using the
vacuum bag method were selected [17]. With the
resulting vacuum in the vacuum method and the
adopted assumptions (normal atmospheric pres-
sure 1013 hPa and gravitational acceleration of
9.8145 m/s?, for different levels of vacuum pres-
sure per unit area [24]) resulting from the inten-
sity of resin crosslinking, determining the propor-
tion of volume and properties of hardened resin
[19] associated with the resin flow resistance is a
quite significant problem.

The flow of resin mixture and heat exchange
in a layer package (layer system — preform) with
constant porosity is two-dimensional. Assuming
this flow as a flow of viscous liquid with the rela-
tionships between pressure, viscosity and speed
occurring in it, its movement can be described
by the Poiseuille’a relationship over a specific
period of time:

2nL
_ 3 ;72 u (12)

where: Ap — pressure drop caused by fluid flow
viscosity resistance;
n — dynamic fluid viscosity;
L — pipe length;
u — fluid flow rate;
d — pipe diameter.

Ap

Considering this problem from the point of
view of the Darcy law (24), the area at the edge
will be the channel for supplying the resinous me-
dium with a much larger diameter of the cross-
section A (Fig. 1).

If we consider the capillary surface of a pre-
form with unlimited permeability, then when
sucking (soaking) the resin mixture, the volume
of the preform (proportion of resin volume to

Fig. 1. Schematic of the simplified model along
coordinate system
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strengthen) changes accordingly and the pressure
dropping in the preform over time is observed
(caused by local resistance, different temperature
and, thus, the viscosity of the mixture resin).

Reducing the flow resistance of liquid resin
at the edges of the preform changes the pressure
conditions in the mold, disrupting the satura-
tion process according to the Darcy-Weisbach
formula (13).

Ah = L (13)
2g
where: Ah_—height of local piezometric pressure

losses;

€ — coefficient of local resistance (linear
friction resistance);

u, — average flow velocity in cross sec-
tion, in section or in form; g — accelera-
tion due to gravity.

Due to the thermal dispersion, which is the
difference between the total microscopic and
average heat convection (as a result of gelation)
determined with a specific heat conduction coef-
ficient (as a diffusion process), we can refer to the
total temperature gradient, which (for the patency
of the fibrous medium) is described by the Car-
man-Kozeny model [9].

It is important to establish a safe distance (i.e.
2/3 of the maximum distance) of suction from the
mold (flow) of the resin medium with the harden-
er [ 18], remembering not to create a branch com-
ing down from the saturated / suction reinforce-
ment (which the resin mixture may encounter in
the vacuum created).

The lack of accurately estimated distances
may result in sealing the dry reinforcement sur-
faces, in which air will be trapped instead of the
resinous medium. It is also worth mentioning
that the resin medium is not crosslinked [24] as a
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result of fewer crosslinks created by styrene dur-
ing the rapid gelation of the mass (or after cur-
ing time). All observations and corrected errors
should be introduced in subsequent processes and
included in the technological data sheets [8].

The very process of FCM molding with the
method of “pressing the resin under pressure in
closed molds” is not simple, but with adequate
experience it is predictable. In this vacuum bag
method, special attention should be paid to the
first layer of reinforcement, which determines the
smoothness and quality of the obtained laminate
composite surface (and the separation of the pro-
duced laminate from the mold after curing).

Therefore, before soaking the resin with rein-
forcement, it is important to prepare the surface
of the mold by applying a release agent (wax)
and polishing. Then, to ensure the tightness of the
system and maintain an even vacuum during the
whole process, a double-sided tape is applied on
the edges of the mold (to which the flexible foil
will be glued). Then, the first layer of epoxy resin
(LH 160) with the hardener (L 289) is made with
the recommended weight ratio and 3 layers of re-
inforcement: carbon fabric, glass mat and carbon
fabric on the outside. In addition, the preform laid
in the laminate is secured with auxiliary mate-
rials in the form of “peel ply” fabric (so-called
delamination), breathable nonwoven fabric and
perforated foil. The layer package prepared with
the valve attached in this way is used to check the
hermeticity of the system.

Then, a 3-layer laminate could be formed
under pressure — 0.85 + — 0.9 bar (in the “Com-
posite Forming” Laboratory at Kielce University
of Technology) from which the samples were cut
according to PN-EN 10002—1 + ACI (Fig. 2) on
the APW2010BB machine (with a stream veloc-
ity of 0.8 m/s) for static tensile testing (according
to DIN-EN ISO 527).

50

Fig. 2. The geometrical dimensions of the composite samples
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In order to reduce the impact of stress concen-
tration on the mechanical properties of the com-
posite before surface destruction, the pads were
glued to the samples (thus, increasing the area of
even distribution of stress concentration in the
tested sample).

In order to eliminate the surface damage of the
sample (thus, increasing the surface of a uniform
distribution of stress concentration in the tested
sample), overlays were glued to the samples.

The static tensile test for the samples
prepared in this way was carried out on an
INSTRON testing machine equipped with a Flex
Test SE measuring apparatus and an MTS con-
troller [1]. The loads were measured using the
HBM 1-XY91-6 / 350 rosettes which included
two perpendicular strain gauges and a single
HBM 1-XY91-6/350 meter (with the same mea-
suring lengths of 6 mm and nominal electrical
resistance of 350 Q). The tensile tests were per-
formed with the machine head moving speed of
2 mm/min. Measuring the ratio of force to the
measured mean cross-sectional area of the test
specimens enabled to estimate the (axial) stress.
Poisson’s ratio (vxy), the transverse deforma-
tion — axial deformation was determined from the
curve. The determination of the average value of
the static strength (S__..) of the laminate was used
to determine the fatigue curve (S — N).

The tests were carried out with the maximum
number of cycles (up to 35.000) at fixed strength
levels. The samples from the epoxy-based poly-
mer composites were subjected to cyclic loading
on 3 levels K*S_ . (K=0.3; 0.4; 0.5), with the as-

statist

sumed frequency f= 6 Hz.

ANALYSIS OF RESULTS

The destruction of the 3-layer laminate took
place by cutting the interface between the phase
and the resin layer between the two carbon layers,
in which there was a layer of glass matotextile

(caused by defects in the structure of the compos-
ite produced, and sample cutting parameters). The
determined value of the average strength of five
samples was estimated at 311.6 MPa (i.e. up to
10% deviation from the average value) as a result
of the change in the volume of resin medium to
the reinforcement (Table 2) and the pressure drop
in the bag over the suction time (caused by lo-
cal resistance, temperature gradient, and thus the
viscosity of the resin mixture). The accumulation
of defects and damage (microcracks, microcracks
in components or voids in the epoxy matrix) in
the composite structure deteriorate the mechani-
cal properties of the produced laminate.

Debonding as a microstructural damage that
causes a loss of adhesion at the interface between
the components (reinforcement with the matrix)
is visible in the early stages of the degradation
process of polymer composites. At this stage of
material destruction, the adhesive cracks do not
have a significant impact on the macroscopic
characteristics of the material yet, but are usually
the first link in the material destruction chain. The
damage to the boundary layer occurs as a result
of exceeding the values of critical stresses, i.e.
stresses normal to the side surface of the fiber,
and tangential stresses (shear of the fiber-matrix
contact zone).

MODELLING

The known values of the model (formulas 5,
7, 9) allow determining the fatigue curve assum-
ing that one step in the Markov chain corresponds
to k, cycles (Table 3), taking into account the
modified formula 6 (Table 1). The modeling of
the average fatigue strength E (T (S)) at any stress
S allows the use of a model with a stationary Mar-
kov chain when recreating the fatigue curve [6,
37]. Good fitting of the fatigue curve (T-N) data
to the experimental results at three stress levels
K-S .. K,,=0.3;0.4;0.5) with a 50% (Fig. 3a)

statist

Table 2. Mechanical properties of composite A made using the vacuum bag method

Sample Froe N g, mm S, MPa E, MPa
A1 1137.5 1.24 303.0 4.9
A2 1047.0 1.20 279.0 5.1
A3 1226.0 1.38 327.0 5.0
A4 1148.0 1.18 306.0 4.9
A5 1287.0 1.44 343.0 4.7

Average 1169.1 1.29 311.6 4.92
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Table 3. Model parameters when fitting the data of T-N curves for sandwich composites with different share of

reinforcement (R = 0.1)

Parameter

Parameter values for laminate with 50 (40)%
reinforcement

Average value of longitudinal elements strength, (L.)’

5.742 (5.692)

R = exp(L;), MPa

311.6 (296.5)

Mean standard deviation (Std,) strength of longitudinal elements on a

e 0.1
logarithmic scale
The number of longitudinal elements in the critical micro volume (r.;) 10
_The relative value of the surface area of working longitudinal elements 0.40 (0.50)
in FCM (f.,)
Number of cycles equivalent to one step in the Markov chain (k ) 9505 (5402)
* Natural logarithm calculations.
b
160 Jo 5 MP2
a
140
10040 g MPa |
120 0 -
LoglO(T)
100
140l e e
37 39 41 43 4.6
120 o +
Logl(T)
100 . . ) ) . L e @
3,7 3.9 4,1 43 4.6

Fig. 3. Experimental (+) and estimated (o) average fatigue strength for three loading values
for fibrous composite A molded in vacuum bag (S, n,) =(108,85 MPa 35 000; 124,40 MPa,
20 000; 155,50 MPa, 3 300) with a gain of 50 (a) and 40 (b)% of reinforcement share

share of the reinforcement quite well describe the
“upper” and “lower part”of the laminate fatigue
curve (R =0.1). On the other hand, the adjustment
of the T-N curve data for a sandwich composite
with a 40% reinforcement share (Fig. 3b) shows
a more significant dispersion of the “lower” and
“average part” of the T-N curve, than it was for a
laminate with a 50% reinforcement share.

CONCLUSIONS

The analysis of the obtained calculations
shows that the considered modeled data of the ep-
oxy matrix composite with a stationary Markov
chain model describe the “upper part” of the fa-
tigue curve and the “lower part” for the composite
with a 50% strengthening share fairly well. The

model with the analysis of the statistical param-
eters can be a tool for “predicting” the S-N curve,
taking into account not only the maximum vol-
ume share of reinforcement in the composite, but
also the manufacturing technology.
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